It was conjectured by Caccetta and H aggkvist in 1978 that the girth of every digraph with n vertices and minimum outdegree r is at most dn=re. The conjecture was proved for r = 2 by Caccetta and H aggkvist, for r = 3 by Hamidoune and for r = 4; 5 by Ho ang and Reed. In this paper, the following two main results are proved:
Introduction
Let G = (V; E) denote a digraph on n vertices. Loops are permitted but no multiple arcs. If G has at least one (directed) cycle, the minimum length of a cycle in G is called the girth of G, denoted g(G). If G is strongly connected, the maximum (directed) distance between a distinct pair of vertices is called the diameter of G, denoted D(G). Let + (G) (resp. ? (G)) denote the minimum outdegree (resp. indegree) of G. The notation u ! v is used to indicate that there is an arc from u to v. Similarly the notation u k ! v means that there is a (directed) walk of length k from u to v.
A problem in graph theory which has received much attention in recent years is the determination of the minimum number of vertices f (r; g) in an r-regular digraph with girth Conjecture 1 has been proved for r = 2 by Behzad 2] , for r = 3 by Bermond 3] and for vertex-transitive digraphs by Hamidoune 7] . Conjecture 2 has been proved for r 4 by Hamidoune 8] . Of the three conjectures, Conjecture 3 is the strongest. It has been proved for r = 2 by Caccetta and H aggkvist 5], for r = 3 by Hamidoune 9] and for r = 4; 5 by Ho ang and Reed 10] . The proof by Caccetta Lemma 2 is asymptotically best possible for r = o(n). However it is far from tight when r = O(n). Even for the case dn=re = 3, Conjecture 3 is surprisingly still open. For more details in this particular case, we refer the reader to a recent paper of Bondy 4] .
We note that if G is a digraph with diameter D and girth g, then g D + 1. Consequently, in connection with the above problem relating the girth of a digraph to its minimum outdegree (or indegree), the problem of determining the minimum number of vertices in an r-regular digraph with given diameter is also interesting. The latter problem is equivalent to determining a "nice" upper bound on the diameter for all r-regular digraphs of order n. The following result is due to Soares. Lemma 3 13] Every strongly connected r-regular digraph has diameter at most (3n?r ?
3)=(r + 1).
We rst prove that the diameter of every strongly connected digraph of order n with girth g is at most n ? g + t, where t is the number of vertices having outdegree exactly 1. As a consequence, a short, self-contained proof of Caccetta Proof. Since D n ? 1 is always true, it may be supposed that t g ? 2. Suppose contains no arc from C to G(X) n C. Then + (C) 1, n(C) jXj 2g ? t ? 4, g(C) g and t(C) t(G(X)) t + jD i (u)j t + 2. Since C is not a counterexample of Theorem 1, g(C) ? 1 D(C) n(C) ? g(C) + t(C) 2g ? t ? 4 ? g(C) + t + 2. Thus g(C) < g, a contradiction. Now we are ready to prove the theorem. Since n jN g?1 (u)j 2g ? t ? 1, we have n ? g + t g ? 1. Since G is strongly connected, by Claim 3, jN n?g+t (u)j minfn; jN g?1 (u)j + (n ? g + t) ? (g ? 1)g minfn; 2g ? t ? 1 + n + t ? 2g + 1g = n. By the arbitrariness of u, D n ? g + t and Theorem 1 follows. Proof. Without loss of generality, it may be supposed that G is strongly connected and t n ? 1.
Case 1: t = 0. Then by Theorem 1, g ? 1 D n ? g; i.e., g dn=2e. In particular, the length of the shortest path from w to w 0 in G 0 is at most n ? g + t. Suppose w ! w 1 ! w 2 ! ! w l ! w 0 is such a shortest path. By the construction of G 0 , w l 2 R 0 1 (w), i.e. w l ! w. Then G 0 contains a cycle w ! w 1 ! w 2 ! ! w l ! w with length l + 1 n ? g + t. Therefore g = g(G 0 ) l + 1 n ? g + t, from which Theorem 2 follows. Remark 2 The upper bound on g in Theorem 2 can be attained all for n; t such that 0 t n. For example, let G be the digraph with vertex set V = fi : 1 i ng and arc set E = f(i; i +1) : 1 i ng f(i; i +2) : t +1 i ng, where addition is taken modulo n. Then it can be checked that the girth of G equals the upper bound in Theorem 2. Thus in order to prove Conjecture 3, one may assume that each vertex in G has the same outdegree. This assumption makes the structure of G simpler. However, it also makes it very di cult to use induction. The challenge in proving Conjecture 3 is to nd an appropriate induction hypothesis. Our approach in Theorem 3 below is as follows. In order to take advantage of induction, we do not assume that all vertices in G have the same outdegree. Instead we try to prove a more general statement in which the parameters r and t(G; r) are involved. We do this by supposing that G is a counterexample to Theorem 3, selected to satisfy carefully chosen minimum conditions. For such a G, our main idea is to prove, for all u and all 1 i (g ? 1)=2 (let's assume g is odd to make is true for i = 1. Now suppose 1 i g ? 2 and Claim 3' is true for i. In proving Claim 3' for i + 1, we may assume that jN i+1 (u)j f (r) ? 1. Then jN i (u)j jN i+1 (u)j f (r) ? 1 and so jN i (u)j 1 + ir + maxf0; jD i (u)j ? rg. Without loss of generality, it may be supposed that jD i+1 (u)j r ?1; otherwise, if jD i+1 (u)j r, then jN i+1 (u)j = jN i (u)j + jD i+1 (u)j 1 + ir + jD i+1 (u)j = 1 + (i + 1)r + maxf0; jD i+1 (u)j ? rg, from which Claim 3' follows.
We will prove that jD i+1 (u)j r?maxf0; jD i (u)j?rg. To see this, suppose jD i+1 (u)j r ? 1 There is no arc from any vertex in X = N i (u) n fug to u; otherwise G would contain a cycle of length at most i + 1 g ? 1. Let G(X) be the subdigraph of G induced by X. By combining Cases 1 and 2 above, we conclude that there is no counterexample to M(r). Therefore Theorem 3 follows from induction.
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We remark without proof here that, by using some similar but more complicated arguments, the author can prove the following stronger version of Theorem 3. Proof. It may be supposed that r 1 and that g 2r ? 1 . Then, by Theorem 3, n r(g ? 1) + 1 ? t(G; r) = r(g ? 1) + 1; i.e., g dn=re.
The following corollary implies Conjecture 3 when the order of G is su ciently large (compared with + (G)). Therefore, for each given r, the number of counterexamples to Conjecture 3, if any, is nite. 
Open Problems
The goal in Section 2 was to nd an upper bound, f (n; r; g) in terms of n; r and g, on the diameter D for all strongly connected digraphs G with + (G) r. We noted earlier that g ? 1 D. Thus by solving for g in the inequality g ? 1 f (n; r; g), one might be able to attack Conjecture 3. We propose the following Conjecture 4 Suppose G is a strongly connected digraph of order n, girth g and diameter ?3r+1, g(GnS) dn=re+1 2r?1. By Theorem 3', n = n(GnS) r(g(GnS)?1)+2?t(GnS; r) rdn=re + 2 ? (rdn=re ? n + 1) = n + 1, a contradiction.
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We note that if G = Cay(Z n ; f1; 2; : : :; rg), then l G (n; r) r ? 1 for all n and r. It seems that l G (n; r) r ? 1 for all G; n; r.
Open Problems: Let S 1 = fu 2 V : jN (dg=2e?1) (u)j = T 2 ? 1g and S 2 = fu 2 V : jN (dg=2e?1) (u)j T 2 g. Then S 1 S 2 = V by Claim 3. Note that for any u 2 N bg=2c (u 1 ), we have (dg=2e?1) (u) = 0; otherwise u 0 2 N (dg=2e?2) (u) and so G contains a cycle of length at most g ? 1, a contradiction. Thus by Claim 3, jS 2 j jfu 2 V : (dg=2e?1) (u) = 0gj jN bg=2c (u 1 )j T 1 :
